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Abstract
In this note we study the linear symmetry group LS(f ) of a Boolean function f of n variables, that
is, the set of all  ∈ GLn(2) which leave f invariant, where GLn(2) is the general linear group on
the ﬁeld of two elements. The main problem is that of concrete representation: which subgroups G of
GLn(2) can be represented as G= LS(f ) for some n-ary k-valued Boolean function f. We call such
subgroups linearly representable. The main results of the note may be summarized as follows:
We give a necessary and sufﬁcient condition that a subgroup ofGLn(2) is linearly representable and
obtain some results on linear representability of its subgroups. Our results generalize some theorems
from P. Clote and E. Kranakis [SIAM J. Comput. 20 (1991) 553–590];A. Kisielewicz [J.Algebra 199
(1998) 379–403].
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Let f =f (x1, x2, . . . , xn) be a function of n variables. The set S(f ) of all permutations
 in the symmetric group Sn such that
f (x1, x2, . . . , xn)= f (x(1), x(2), . . . , x(n))
is a subgroup of Sn called the symmetry group of f.
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The symmetry group of functions has received some attention only recently (see [2,3]).
In Ref. [2] the symmetry group S(f ) of Boolean functions is studied and the relations
between the algebraic properties of groups and the computational complexity of languages
established. The paper [3] characterizes the representability of some permutation groups
constructed by given representable permutation groups. In Ref. [1] it is proven that almost
all Boolean functions have no linear symmetries. This provides a generalization of Theorem
22 from [2]. In this note we further study the linear symmetry group LS(f ) of a k-valued
Boolean function f : 2n → k, where 2 = {0, 1} and k is a set of k elements. Given
n> 1, a subgroupGGLn(2) of the formG=LS(f ) for some k-valued Boolean function
f=f (x1, x2, . . . , xn)will be called linearly representable inGLn(2) by a k-valuedBoolean
function, or brieﬂy, linearly k-representable, where GLn(2) is the general linear group of
degree n on the ﬁeld of two elements, andLS(f ) is the set of all  ∈ GLn(2) for a k-valued
Boolean function f = f (x1, x2, . . . , xn) such that
f (x1, x2, . . . , xn)= f ((x1, x2, . . . , xn)).
A groupGGLn(2) is said to be linearly representable if it is linearly k-representable for
some k2. If GLn(2) and LS(f ) are replaced by Sn and S(f ), respectively then we have
the deﬁnition of representability by Boolean functions from Ref. [2]. The main problem
we are interested in is which subgroups of GLn(2) are linearly representable. It is not
difﬁcult to see that every abstract group is isomorphic to some linearly representable group
by Theorem 11 in [2]. However, what we are interested in is the following more concrete
problem: Given n> 1, which subgroups of GLn(2) are linearly representable by Boolean
functions in n variables? This is a generalization of the corresponding problem in the theory
of the symmetry group S(f ). In fact we have shown in Theorem F that if Sn is embedded
in GLn(2) as a subgroup, then GSn is representable in Sn by Boolean functions if and
only if G is linearly representable in GLn(2). Thus we may obtain the conclusions on
representability of it by Boolean functions from the theorems on linear representability of
the group G.
In the note we always assume that T =GLn(2). Our main results are the following.
Lemma A. Assume that G and R are both subgroups of T andG normalizes R. Also suppose
that G and R act on the set . Then H =⋂∈RG is a subgroup of T, where R is the
stabilizer of R on  ∈ .
Theorem B. Assume that G is a subgroup of T and T is the stabilizer of T on  ∈ 2n.
Then H =⋂∈2n TG is a subgroup of T, and G is linearly representable in T if and only
if H =G.
The above is a partial generalization of Theorem 2.2 from Ref. [3].
Assume that
G(l) =

 (g, . . . , g)︸ ︷︷ ︸
l+1
∣∣∣∣∣∣∣ g ∈ G

 ,
where GT . Then G(l) is a subgroup of GLn(l+1)(2).
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Theorem C. G(1) is linearly representable in W =GL2n(2) if and only if⋂,∈2n (T ∩
T)G=G, where T and T are the stabilizers of T on  ∈ 2n and  ∈ 2n, respectively.
It should be mentioned that G(l) is a special kind of the parallel powers, considered in
Ref. [3].
Theorem D. Assume thatG(l) is same as in Theorem C. ThenG(l) is linearly representable
inW =GLn(l+1)(2) for ln.
This is a result similar to Theorem 11 in Ref. [2].
Theorem E. LetGT be linearly representable in T andH a normal subgroup of G. If H is
linearly representable in T, then the parallel power (G/H)(2) is also linearly representable
inW =GL2n(2).
Theorem E is a partial generalization of Theorem 4.3 from Ref. [3].
Using the same method we prove the following
Theorem E′. Let G1,G2T . Assume that H1 and H2 are normal subgroups of G1 and
G2, respectively. Suppose that H1 and H2 are both linearly representable in T, and the
mapping  : G1/H1 → G2/H2 is an isomorphism. Also assume that xu = x for some
u ∈ G1, x ∈ 2n if and only if there exists some v ∈ G2 such that xv = x, where  :
uH 1 → vH 2. ThenM = (G1/H1)×(G2/H2) is linearly representable inW =GL2n(2)
if L=⋂∈22n WMG1 ×G2. In particular, it holds when G1 and G2 are both linearly
representable in T.
Theorem E′ partially generalizes Theorem 4.4 from Ref. [3].
Theorem F. Assume that Sn is embedded in T as a subgroup. ThenGSn is representable
in Sn by Boolean functions if and only if G is linearly representable in T.
2. Proofs of the main theorems
Weﬁrst explain some notations in LemmaA.Given a groupT,G andR are both subgroups
of T. If Rg = g−1Rg = R for any g ∈ G then G normalizes R. Assume that  is a non-
empty set, and S is the symmetric group on . That a group G acts on  means that there
exists a homomorphism  of G into S. Thus for any x ∈ G there exists a transformation
(x) : → x in S satisfying (x)y = xy for x, y ∈ G,  ∈ .
Let G be the stabilizer of G on  ∈ . Then G = {g ∈ G|g = }.
Lemma A. Assume that G and R are both subgroups of T andG normalizes R. Also suppose
that G and R act on the set . Then H =⋂∈RG is a subgroup of T, where R is the
stabilizer of R on  ∈ .
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Proof. We easily see thatH−1=⋂∈GR, andHG=(⋂∈RG)G=⋂∈RG=H .
We show that H =H−1.
Let g ∈ H−1. Then we have g=gr, where g ∈ G, r ∈ R,∀ ∈ . Hence we obtain
g = (grg−1 )g ∈
⋂
∈RG, where = g−1 , grg−1 ∈ R since G normalizes R.
When g−1 = g−1 with , ∈  we have
r
−1
 g
−1
 = r−1 g−1 .
On the other hand, it is r−1 g−1 = r−1 g−1 = g−1 from which follows  = . Therefore⋂
∈RG = H . This implies that H−1 ⊆ H . Similarly we have H ⊆ H−1, and so
H =H−1. Therefore we have
GH =GH−1 =G
(⋂
∈
GR
)
=
⋂
∈
GR =H−1 =H .
Finally, we obtain
H 2 =
(⋂
∈
RG
)
H ⊆
⋂
∈
(RGH)=
⋂
∈
RH
=
⋂
∈
R

⋂
∈
RG

 ⊆ ⋂
∈
RG=H .
Hence H is a subgroup of T. 
Theorem B. Assume that G is a subgroup of T and T is the stabilizer of T on  ∈ 2n.
Then H =⋂∈2n TG is a subgroup of T, and G is linearly representable in T if and only
if H =G.
Proof. By Lemma A we have that H =⋂∈2n TG is a subgroup of T. Similarly as in the
proof of Theorem 2.2 in [3] we have that G is not linearly representable in T if and only
if ∃g ∈ T \G such that g ∈ G,∀ ∈ 2n. This is equivalent to that ∃g ∈ ⋂∈2n TG\G.
Thus Theorem B holds. 
Theorem B has the following corollaries:
Corollary 1. (a) If GT is linearly representable, then Gh is also linearly representable
for h ∈ T .
(b) If G and H are both linearly representable in T, then so is G ∩H .
(c) If HT is linearly representable, then H is also linearly representable in T ,
∀ ∈ 2n.
Proof. (a) By Theorem B, G = ⋂∈2n TG. Hence we obtain Gh = ⋂∈2n ThGh =⋂
∈2n TGh, and so Gh is linearly representable for h ∈ T .
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(b) By Theorem B, G=⋂∈2n TG,H =⋂∈2n TH . This implies that⋂
∈2n
T(G ∩H)
⋂
∈2n
(TG ∩ TH)=G ∩H .
Hence G
⋂
H is also linearly representable.
(c) ByTheoremB, T is linearly representable for any  ∈ 2n, and so, by (b),H=H ∩T
is also linearly representable. 
It is easy to show that H =⋂,∈2n (T ∩ T)G is a subgroup of T, where GT (the
proof is the same as that of LemmaA).G(l) is a special kind of parallel powers, considered
in Ref. [3].
In order to prove Theorem C we need an auxiliary result.
Lemma 1. Let GT . Assume that G is linearly representable in T. Then G × G is also
linearly representable inW =GL2n(2).
Proof. We ﬁrst show that Lemma 1 holds when G = T . It is sufﬁcient to prove that⋂
∈22n W(T × T ) = T × T holds. Let F2 be the ﬁeld of two elements, and Mn(F2)
the set of all n× n matrices over F2. Set(
A B
C D
)
∈ W for  ∈ 22n, where A, B, C,D ∈ Mn(F2).
For any
=
(
A B
C D
)(
R 0
0 U
)
∈
⋂
∈22n
W(T × T ),
where R, U ∈ T , we shall prove that  ∈ T × T . Let  = (AC BD ), where A,B,C,D ∈
Mn(F2), and = (x, 0) ∈ 22n with x, 0= (0, . . . , 0) ∈ 2n. Then we have
(x, 0)= (xA, xB) and (x, 0)= (x, 0)
(
R 0
0 U
)
= (xR, 0).
Hence xB = 0 for any x ∈ 2n. This implies B = 0. Similarly, we have C = 0 and so
= (A0 0D ) ∈ T × T . Thus, by Theorem B, Lemma 1 holds when G= T .
Let  ∈ H =⋂∈22n W(G × G). Since H⋂∈22nW(T × T ) = T × T , we have
 = (R0 0U ) where R,U ∈ T . Therefore, by Theorem B we have R ∈
⋂
∈2n TG = G.
Similarly, U ∈ G. Therefore  ∈ G×G, and so H =G×G. Thus Lemma 1 holds. 
Theorem C. G(1) is linearly representable in W =GL2n(2) if and only if⋂,∈2n (T ∩
T)G=G, where T and T are the stabilizers of T on  ∈ 2n and  ∈ 2n, respectively.
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Proof. Let L=⋂∈22n WG(1). By Lemma 1 we have LT × T =⋂∈22n W(T × T ).
Thus we have
(l, l) ∈ L⇔ (l,l) = (g,g), g ∈ G for any  ∈ 22n
⇔ ∀x, y ∈ 2n(= xy), xl = xg , yl = yg
⇔ l ∈
⋂
x,y∈2n
(Tx ∩ Ty)G.
Now for any (, ) ∈ L,,  ∈ T , we have
(,) = (,),  ∈ G, ∀ ∈ 22n.
Let = xy, x, y ∈ 2n, we have x= x , y= y . Let x = y. Then x= x,∀x ∈ 2n. It
gives −1 ∈⋂x∈2n Tx = 1, and so = . Hence, if LG×G then L=G(1) and soG(1)
is linearly representable.
Let H =⋂x,y∈2n(Tx ∩ Ty)G. Suppose that H = G. Then we have L = G(1) and thus
G(1) is linearly representable inW.
Conversely, let G(1) be linearly representable in W. Then L = G(1). If l ∈ H , then
(l, l) ∈ L=G(1), and so l ∈ G. Therefore H =G. Theorem C is proved. 
In order to demonstrate the validity of Theorem D we ﬁrst prove the following Lemma.
Lemma 2. LetGT . IfG1 ∩ · · ·∩Gl is linearly representable in T, where 1, . . . , l ∈
2n, then
G(l) =

 (g, . . . , g︸ ︷︷ ︸
l+1
)
∣∣∣∣∣∣∣ g ∈ G


is also linearly representable inW =GLn(l+1)(2).
Proof. Let
H =
⋂
xi∈2n,1 i l+1
(Tx1 ∩ · · · ∩ Txl+1)G.
Similarly as in the proof of Theorem C we have that if H =G then G(l) is linearly repre-
sentable in W = GLn(l+1)(2). Let G1 ∩ · · · ∩ Gl be linearly representable in T, where
1, . . . , l ∈ 2n. We show that H =G. In fact we have
H = (Hx1 ∩ · · · ∩Hxl ∩H)G ⊆ (Hx1 ∩ · · · ∩Hxl )G for x1, . . . , xl,  ∈ 2n.
It gives
H1 ∩H2 ⊆ (Hx1 ∩ · · · ∩Hxl−1)(G1 ∩G2), . . . ,
and thus
H1 ∩ · · · ∩Hl ⊆ Hx1(G1 ∩ · · · ∩Gl ) for x1, . . . , xl, 1, . . . , l ∈ 2n.
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Therefore, H1 ∩ · · · ∩Hl ⊆
⋂
x1∈2n Hx1(G1 ∩ · · · ∩Gl )=G1 ∩ · · · ∩Gl since it
is linearly representable in T.
By the deﬁnition of H, we have H = (Hx1 ∩ · · · ∩Hxl+1)G for any x1, . . . , xl+1 ∈ 2n. It
implies that H = (H1 ∩ · · · ∩Hl )G=G, and so Lemma 2 holds. 
Theorem D. Assume thatG(l) is same as in Theorem C. ThenG(l) is linearly representable
inW =GLn(l+1)(2) for ln.
Proof. Let ln. We can always ﬁnd 1, . . . , l ∈ 2n, such that G1 ∩ · · · ∩Gl = 1 (the
identity of T) and so, by Lemma 2 G(l) is linearly representable inW. 
Remark 1. We have GG(l) for any integer l. Hence Theorem D implies that GT is
always isomorphic to a linearly representable group G(l)W =GLn(l+1)(2) for ln.
We now recall the deﬁnition of parallel power introduced in [3]. LetG1, H1T=GLn(2)
andG2, H2W =GLm(2) be linear groups such thatH1 andH2 are normal subgroups of
G1 andG2, respectively. Suppose, in addition, that the factor groupsG1/H1 andG2/H2 are
isomorphic and  : G1/H1 → G2/H2 is the respective isomorphism mapping. Then, we
denote by of (G1/H1)×(G2/H2) the subset of T ×W , consisting of all (, ) ∈ T ×W ,
such that (H1) = H2. It is easy to see that (G1/H1)×(G2/H2) is a subgroup of
T × W . In particular, let H be a normal subgroup of a group GT . Then the product
(G/H)×(G/H), where  is the identity mapping on G/H , is called the parallel power
of G by H and denoted (G/H)(2).
Theorem E. LetGT be linearly representable in T andH a normal subgroup of G. If H is
linearly representable in T, then the parallel power (G/H)(2) is also linearly representable
inW =GL2n(2).
Proof. LetM= (G/H)(2), L=⋂∈22n WM . It is easily veriﬁed thatL=LM,∀ ∈ 22n.
We show that LM for some  ∈ 22n, and so L=M (that is,M is linearly representable).
SinceG is linearly representable, by Lemma 1 we haveL⋂∈22n W(G×G)=G×G.
Let (, ) ∈ L. Then ,  ∈ G. Since L=LM for any  ∈ 22n, we have (, ) ∈ LM
and so
(,) = (,	), where  ∈ G, 	 ∈ H .
Suppose that = xy, x ∈ 2n, y ∈ 2n. Then
x = x , y = y	 .
Set x = y, we obtain x = x	−1 ,∀x ∈ 2n and so 	−1 −1 ∈ Tx,∀x ∈ 2n. This implies
 ∈ TxH = TxH and so −1 ∈ ⋂x∈2n TxH = H (since H is linearly representable).
Thus we obtain  ∈ H= H and so (, ) ∈ M . 
Using a fully analogous method we may prove Theorem E′. This proof is omitted.
Theorem F. Assume that Sn is embedded in T as a subgroup. ThenGSn is representable
in Sn by Boolean functions if and only if G is linearly representable in T.
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Proof. Weﬁrst show that Sn is linearly representable inT. Let =(aij ) ∈ H=⋂∈2n TSn,
and x = (1, 0, . . . , 0) ∈ 2n. Then, since  is linear, x ∈ xSn, and thus the only one of
{a11, a12, . . . , a1n} is 1 and the other elements are 0. Similarly, the only one of
{ai1, ai2, . . . , ain} is 1 and the other elements are 0, where i = 2, . . . , n. Therefore  ∈
Sn. It implies H = Sn and so Sn is linearly representable in T. Now let GSn. Then we
have
⋂
∈2n TG = (
⋂
∈2n TG) ∩ Sn =
⋂
∈2n SG, where S is the stabilizer of Sn on
 ∈ 2n. It is easily shown that G is representable in Sn by Boolean functions if and only if⋂
∈2n SG = G. Hence, by Theorem B G is representable in Sn by Boolean functions if
and only if G is linearly representable in T. 
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